Abstract. Assume ZF + AD + V = L(R) and let κ < Θ be an uncountable cardinal. We show that κ is Jónsson, and that if cof(κ) = ω then κ is Rowbottom. We also establish some other partition properties.
partition property: 
128
Let us make some observations on this definition.
If M is active and κ is fm in
, let E witness the fine measurability of κ in U, and let
134
G be the normal measure segment of E.
which implies lh(G) < OR M and that G is on E M , giving (b).
137
( * 3) Let T , δ, β, µ be as in ( * 1) and assume that T does not drop in 138 model at δ + 1. Then µ is afm in M β .
139
For ( * 3): If β = δ the statement is trivial; assume β < δ. Let G be 140 the normal measure segment of E δ . We will show that G witnesses the 141 afm of µ in M β . We have M * δ+1 = M β . Let γ be as in ( * 1). By ( * 1)(a),
and both are cardinals in M δ ,
144
so since G is type 1 and 
N . So by ( * 2) we need only consider fine measura-
are type 2 and consider fine measurability in and γ ∈ OR N , such that γ < sup π"OR M .
167
We say γ is a generator (relative to π) iff γ = π(f )(a) for any f ∈ M
168
and a ∈ γ <ω .
169
We say that N has the hull property at γ (relative to π) iff P(γ) N ⊆
170
H, where H is the transitive collapse of Hull 
and let G α be the set of 
Proof.
In particular, λ ξ ∈ rg(i α,ξ ), and
Proof. Note that if γ is afm in M, then γ is a limit cardinal of M.
212
Let θ α be the largest limit cardinal θ of M α such that θ ≤ κ α . So
is likewise with respect to M ξ and κ ξ , and λ
the initial segment condition and that θ β is a limit cardinal of M β ).
218
Therefore λ 
220
It follows that i α,ξ (λ
Then (1) α follows from (1) β and the Σ 0 -elementarity of i β,α .
230
Case 2. µ ≤ κ β .
231
Fix γ ∈ [λ α , κ α ]. We first establish that the hull property holds at 232 γ for M α . If γ < µ then this is as in Case 1 so assume µ ≤ γ. Let of M α at µ. So assume µ < γ. 
246
So in fact f ∈ M β and A = i β,α (f )(a). By the hull property at γ * 247
and such that f
Let us see that we may assume
, completing the proof of the hull property at γ.
1 By ( * 5) we therefore have i η,α "G η = G α . The rest is trivial in 301 this case.
302
Suppose λ < κ. Again ( * 5) gives (2) α (a). We have λ ∈ rg(i χ,ξ ) by case, but simpler, shows that (2) α (b) holds for all α ∈ [χ, ξ] T .
306
We now proceed to the proof of 2.7. For expository reasons, we 307 first prove this and our main theorems with the assumption "AD + trees (that is, each T i has a last model Q i+1 , which is also the first model 318 of T i+1 ), such that:
320
• For each i < ω, T i ∈ HC V .
321
• The stack is via Σ ′ (equivalently, each T i is via Σ).
322
• Let Q ω be the direct limit of the Q i 's under the iteration maps. bounded by some θ < κ. Let X be the set of measurables in the interval 331 (θ, κ). If X is bounded above by some γ < κ, let µ = 1 and κ 0 = κ.
332
Otherwise let κ α α<µ enumerate X, in strictly increasing order. By 333 choice of θ, this sequence is discontinuous everywhere. In either case, 334 our assumptions give µ < κ, and in fact by increasing θ if need be, we 335 will assume µ < θ < κ 0 .
336
Now in V [G], fix n < ω such that θ, κ ∈ rg(j n ).
337
For α < µ let γ α be the sup of all afm's γ of HOD L(R) such that 338 γ < κ α . So γ 0 ≤ θ and for α > 0, γ α = sup β<α κ β . We have γ α < κ α 339 by choice of θ. Let G α be the set of all j n -generators in the interval
However, if γ < κ is not a j n -generator, by ( * 5) there is f :κ <ω →κ
343
and a ∈ γ <ω such that γ = j n (f )(a). Therefore
, and this segment of j n suffices to compute 345 G α α<µ . Therefore L(R) sees the previous fact. Moreover, we claim 346 that each G α has ordertype ≤ ω 1 (in fact, exactly ω 1 ). Therefore the 347 previous fact gives a surjection (
Q n is countable and θ, µ, ω 1 < κ, this contradicts that κ is a cardinal 349 in L(R), completing the proof. M β has the hull property, relative to i Qn,β , at every point in i Qn,β (I).
364
This works because Q n has no afm limits of afm's in I. 
of ordertype κ such that |λ\F "A <ω | = λ, and if λ = cof(κ),
379
then F "A <ω is non-stationary in λ.
380
Proof. First we prove (a) and (b); initially we work on both together.
381
We may assume κ is singular as otherwise (a) is trivial and (b) just
382
states that if κ is measurable then κ is Rowbottom. Fix λ < κ and 383 F : κ <ω → λ.
384
Let µ = cof(κ) < κ. Fix a strictly increasing sequence κ α α<µ of 385 measurables < κ, whose supremum is κ, with µ, λ < κ 0 and such that 386 for each α < µ, γ α < κ α where γ α = sup β<α κ β . Fix a normal measure 387 U α on each κ α .
388
For n < ω let T n = n (ω\{0}). Let a ∈ µ <ω and t ∈ T |a| . Fix a 389 sequence X a,t,i i<|a| such that each X a,t,i ∈ U a i and X a,t,i ∩γ a i = ∅, and
is a κ a 0 -complete measure, so fix
393 Let X 0 be the set of all u ∈ κ
For each α < µ, let X α = I where I is the set of all X = X a,t,i 397 such that X ⊆ [γ α , κ α ). There are at most µ such X, and µ < κ α , so 398 X α ∈ U α .
399
Now for (a), let A = α∈µ X α . Then |F "A <ω | ≤ µ, as required. For 400 if b ∈ A <ω then there is a unique pair (a, t) such that b ∈ X a,t , but F
401
is constant over X a,t , and there are only µ-many such pairs (a, t).
402
Now we prove (b), so assume λ < cof(κ). Let G :
where for any a ∈ µ <ω , G(a) ∈ T |a| λ is such that G(a)(t) = F (b) where By the assumptions for (c) and case assumption, µ > ω is measur-414 able. Define sets X a,t , for a ∈ µ <ω and t ∈ T |a| , as before. Also define
415
X α , for α < µ, as before, and let U be a normal measure on µ. For 416 each n < ω and t ∈ T n , let
where b ∈ X a,t . Let X t ∈ U n be such that for all a, c ∈ X t and i < n,
for a ∈ X t , then F t (a) = F t (c) whenever a, c ∈ X t are such that 
429
Let A = α∈B X α . Then A has ordertype κ and F "A <ω ∩ C = ∅, so A 430 suffices.
431
Case 2. µ = λ = κ.
432
Suppose µ = λ = κ. An argument like in Case 1, but simpler, and 433 only using the measurability of κ, works.
434
Case 3. ω < µ < λ = κ. 
438
Case 4. ω = µ < λ = κ.
439
We will argue similarly to Case 1. Let T be the set of functions 440 t ∈ <ω ω such that if n = lh(t) = 0 then t(n − 1) = 0. Given t ∈ T , let 441 U t be the measure i<|t| U t(i)
i . For each t ∈ T , fix Y t ∈ U t such that there is m < ω such that F "Y t ⊆ κ m ; let m(t) denote the least such m. 
450
• for each t ∈ T , there is (m, s, i) such that either
and for all u ∈ i<|t| X
456
This can be seen like in Case 1.
457
Now let C n ⊆ κ n be the club of points γ ∈ (κ n−1 , κ n ) such that for 
462
We can now prove the main theorems, using M # ω . We only explicitly 463 prove 2.1; an examination of its proof also yields 2.2.
464
Proof of Theorem 2.1 using 
468
Let µ = cof(κ) and let f : µ → κ be cofinal. Fix x ∈ R such that 469 f, F ∈ HOD x . We have HOD x |= ZFC+"Either κ is measurable or is a 470 limit of measurables, and if µ > ω then µ is measurable", by Corollary Part (d), in the case that λ = κ, implies that κ is Jónsson.
476
2 Here is a slightly alternative argument for Jónssonness. Let G : κ <ω → κ. We need a set A ⊆ κ of ordertype κ such that G"A <ω = κ. If κ is regular then let x ∈ R be such that G ∈ HOD x and use the fact that κ is measurable, and therefore Jónsson, in HOD x . So assume µ = cof(κ) < κ. If µ > ω 1 then let λ = ω 1 (then λ < µ); if µ ≤ ω 1 then let λ = ω 2 (then λ < κ since κ is singular). Let F : κ <ω → λ + 1 be defined by F (a) = min(G(a), λ). By part (b), there is math.berkely.edu/∼steel.
506
A ⊆ κ of ordertype κ such that if λ = ω 1 then |F "A <ω | ≤ ω, and if λ = ω 2 then |F "A <ω | ≤ µ ≤ ω 1 . In either case, it follows that G"A <ω = κ, as required. 3 One difference here is that [5, §7] only gives that M has an (ω, ω 1 , ω 1 )-iteration strategy Σ in V = L(R), but not that Σ extends to generic extensions V [G]. This wrinkle is dealt with in [5] by replacing L(R) with L(R) with a certain countable setR. An alternative approach is to use absoluteness to show that, in fact, Σ suffices. For example: R-genericity iterations of M , with each proper segment via Σ, produce wellfounded direct limits. For otherwise let T be the tree of attempts to produce a stack of non-dropping normal iteration trees T n n<ω , with each T n via Σ, and with illfounded direct limit. Then T is illfounded in V [G], and so in V , contradiction.
